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One-sentence description

This paper presents a method to quantify the rahgessible statistical

associations among categories in maps that havednpixels.

Abstract

This paper presents a method to compare mapsdhtin pixels that have
partial membership to multiple categories, i.e. @dixr soft classified pixels. The method
guantifies ranges for associations among categbased upon possible variations in
sub-pixel spatial allocation. The paper derivesritathematical equations for

constructing the range of associations based @e tiypes of crosstabulation matrices,
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the greatest matrix, the random matrix, and thst lestrix. We demonstrate how the
analysis can be combined with multiple resoluticapreomparison to specify the
resolution at which clusters exist on a single mapetween two maps. The method
produces a range that reflects the amount of usiogytin the categorical associations.
We illustrate the procedure with both a simple eplenand data from the Plum Island

Ecosystems study site in Massachusetts, USA.

1 Introduction

This paper presents a method to compare raster imagsch the pixels can have
partial membership to multiple categories. The méthas been designed for situations
where the categorical membership represents thgopron of the pixel that contains the
category, in other words for cases where the quyamitieach category within the pixel is
known but the spatial allocation of the categowéhin the pixel is not known. The
procedure is useful for maps that have mixed piaetbe native resolution of the data.
Furthermore, this approach can be used in conpmetith multiple resolution map
comparison to analyze how scale influences thepttof the spatial allocation of
categories within a single map, or to assess pattarcategorical associations between
two maps. Therefore the procedure is able to chkeniae land change, even for cases
where the categories in the map of the initial tene different than the categories for the
map of the subsequent time.

Historically, it is has been common for maps otdaover to show exactly one
pure category for each map unit, whether the wamisvector polygons or raster pixels.

However, regardless of the unit, each unit of @$aape can contain multiple categories,
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based on the interpretation of the map maker. @nefit of assigning a single pure
category to each unit is that the analysis and e@oisgn of the resulting map(s) is much
easier when the units are assigned exactly onegatiegory. Methods such as those
described by Congalton and Green (1999) are stréoghard for pure categories
because the computation of the crosstabulationixnatclear. The cost of assigning a
single pure category to each unit is that the teguimaps do not necessarily reflect the
uncertainty of the classification or the naturehw landscape. Woodcock and Gopal
(2000) have established methods of map compariasedoon fuzzy set theory for cases
where the category assignments are ambiguous. Aiitypican derive from the fact that:
1) the units have mixed membership to more thancategory, or 2) interpreters can
have difficulty assigning a category to units ttatnot fit clearly into a single category.
The method of this paper addresses the first cktiwo cases.

In few situations, the mixed pixel problem can ddrassed by attaining
information that has finer resolution; however finesolution information is not
necessarily a cure for the mixed pixel problem aose smaller pixels can also be mixed
and in many cases smaller pixels can introduceprellems in category definition. For
example, forest and built may be reasonable catgfor 1 km resolution maps, but
such pixels can be partially forest and partialiyitoWhereas 1 m resolution maps of the
same study area can reveal pixels that are patteed or parts of buildings.
Consequently, many investigators have suggestédhdnd classification it is

inappropriate for representing remotely sensedesc@risher 1997, Foody 2002).
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There have been several efforts to address thedmpixel problem. Pontius
(2002) proposed a minimum rule to measure the aggpebetween pixels that contain
parts of identical categories, but that paper faiteaddress measurement of associations
between different categories. Pontius and CheuBgRproposed a method to construct a
matrix to compare mixed pixels by first assignihg greatest possible association to
agreement on the diagonal of the crosstabulatianxnand then leaving the
disagreement to be distributed randomly among théiagonal entries of the matrix.
Additional approaches have been offered by Fishal. €2006) and Silvan-Cardenas and
Wang (2008).

Even if the pixels are fairly pure at a particulesolution, investigators are
frequently interested in patterns of pixels at mpldtscales and in how selection of scale
influences the measurement of maps. This papeeasels scale effects by using multiple
resolution map comparison, which is a techniquédddresses the famous unsolved
modifiable areal unit problem (MAUP). We examinenhibie statistical association
between maps varies as a function of modifyinguthie of analysis, i.e. the pixel. This is
especially relevant for remotely sensed data, dit@eeau and Hay (1999) proposed
that remotely sensed data represent a unique €ése MIAUP, in which the grain and
extent of the data define areal units for analy=sisthermore, this paper addresses the
call by Fotheringham (1989) to address the MAUResme develop new methods,
conduct sensitivity analysis, and search for retethips between fluctuations in variables

with respect to scale. We extend the work of Kuzgrd Pontius (2008) who examined
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how three different types of crosstabulation magimeasure the agreement between
maps at multiple scales.

In order to explore the relationships between rggm, pattern, and uncertainty
in map comparison, this paper constructs a rangatefjorical associations at multiple
resolutions by systematically coarsening the méfsodcock and Strahler (1987) used a
similar approach to characterize the relationsleifpvben spatial pattern and local
variance. Similar methods have been employed ttoexghe influence of grain size on
structural parameters (Benson and Mackenzie, 1&3&)andscape metrics (Wu, 2004).
It is increasingly important to understand the @Beof these types of scale modification,
since data of different resolutions are increasingled together for change analysis,

especially where historic data tend to be at coasaes than contemporary data.

2 Methods

2.1 Data

2.1.1 Example to show multiple resolution map consoa
Figure 1 gives a simplified example to show howoeavert from fine resolution

data where each pixel contains exactly one cateigorgarser resolution data where each
pixel can contain partial memberships to more trag category. We consider the
process of pixel aggregation for two example scshesvn in the two rows of maps, at
three resolutions shown in the three columns. Dhid gray lines bound each pixel,
whereas the dashed lines show the boundariesitdsativke as we move to coarser

resolutions. The fine resolution maps contain X&Igiwith a 1 m resolution, where each
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pixel is classified as entirely black or entirelive. At the middle resolution, the maps
have been aggregated to four coarser pixels, edbrawesolution of 2 m. The values of
the resulting pixels reflect the proportional cdmitions of each of the four contributing
pixels. Thus, each pixel in scene 1 at a resolutidhm still has membership to only one
class because all four of the fine resolution @Eixkht are aggregated to the middle
resolution belong to the same class. But, the pixescene 2 at a resolution of 2 m are
half black and half white because two out of ther faggregated pixels were black and
two were white. At the coarse resolution, thereris 4 m resolution pixel for each scene
and both are identical, since they have membexshyne half to both white and black.
Our method gives equations to construct three miffietwo-by-two crosstabulation
matrices to compare these two scenes at each tiesolu

[Insert figure 1 here.]

2.1.2 Plum Island Ecosystems to show application
The land cover maps of the Plum Island Ecosystenay @irea in Massachusetts,

USA, were created from categorical maps of vectdygons for 1971 and 1999,
available online at the state of Massachusetts% database (MassGIS, 2005). These
maps were derived from aerial photography and arttamery. There are neither
published minimum mapping units nor published Is\alprecision for the vector maps.
We converted the original vector maps to rastegesavith a 30-meter resolution. The
selection of a 30-meter pixel size was strategtodas not related to the precision of the
data, since the precision of the data is unknovine. 30 m pixel resolution was selected
to be consistent with other types of digital infation and to produce file sizes that were

as detailed as possible while being still manageabsize. This is one reason why it is
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important to use multiple resolution map compariswthods, since the initial resolution
is frequently somewhat arbitrary. Furthermore,dbeversion to raster format produces
pixels that are classified as exactly one categashych is a common artifact of vector to
raster conversion. Figure 2 shows the resultingsliagt have the categories of Forest,
Agriculture, Wetland, and Other in 1971, and FaqrBsilt and Remainder in 1999. We
selected aggregation to these categories for tegores. First, our broader research
project is most interested in transitions from thoategories of 1971 to those categories
in 1999. Second, this selection of categories sHowsthe methods of this paper can be
used for cases where the categories of the it are different than the categories of
the subsequent time.

[Insert figure 2 here.]

2.2 Notation

This paper uses the following mathematical notation

g grain size of pixels expressed as a multiple wiinresolution wherg = 1,...,G;
G grain size for the resolution at which the ensingdy area is in a single pixel;
ng index of a specific pixel at resolutigrwhereng = 1,...,Ng;

Ny number of pixels in study area at resolutipn

i index for a particular class in first map wherel,..., I;

| number of classes in first map;

j index for a particular class in second map wheré,..., J

J number of classes in second map;
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Wry  weight of pixelng;

Xngi  membership of pixaty in the first map to classwhere 0 Xny 1,

Yrny; membership of pixaly in the second map to clgsehere 0 Yrny 1;

Mng; greatest association between claasd class for pixel ng;

Rnyj random association between claasd class for pixel ng,

Lng; least association between classd clas$ for pixelng;

M 4j greatest association between claasd class for study areat resolutiory;
R 4j random association between claasd clas$ for study areat resolutiory;

L 4j least association between classd clas$ for study areat resolutiory.

2.3 Three different matrices

The rows of each matrix show the categories ofitskmap and the columns
show the categories of the second map. If each pelengs entirely to exactly one
category, then there is no controversy concernow fo compute the entries in the cross-
tabulation matrix. Each pixel position is talliedthe matrix according to the pixel's
membership in each of the maps. It is common taediall the tallies by the total number
of pixels to attain a proportion of the study af@aeach entry in the matrix. However, if
the pixels have mixed membership to more than ategory, it is not obvious how to
construct the crosstabulation matrix. There areynfactors to consider when deciding
how to construct the matrix.

Foremost, one must be clear concerning the interfioe of the numbers that

indicate the partial memberships. The methodsisfgaper apply to cases where the
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partial membership to each category representgrtortion of the pixel that is covered
by the said category. Therefore, each categorieahbership is bounded between 0 and
1, and the sum of all memberships in each pix#l ia this respect, the quantity of each
category in the pixel is known, as indicated byrtembership value, but the spatial
allocation of the categories within the pixel ig known. Our method considers three
spatial allocations among the possibly infinite tn@mof allocations for the categories
within the pixels. The technique then computesnla¢hematically possible range for
each entry in the crosstabulation matrix, wheréesautry is computed based upon a

possibly different spatial allocation of the catege within the pixels.

2.3.1 Greatest matrix
The first matrix that we produce is called the ggeamatrix, since it calculates

the greatest possible association between thearasgi.e. it leads to the largest
mathematically possible entries in the matrix #rat constrained by the pixel
memberships. For example, consider if we need ngpeoe a pixel of 1971 that has
membership of 0.7 to the forest category and Othdéagriculture, wetland, and other
categories vis-a-vis a pixel from 1999 that has menship of 0.8 to the built category
and 0.1 to the forest and remainder categoriesir&ig shows a sub pixel configuration
that yields the greatest possible forest to bgsoaiation. If the 1971 pixel were placed
directly over the 1999 pixel, then there would lhe thaximum possible overlap between
the forest of 1971 with the built of 1999. The ambaf overlap between any two classes
can attain but never exceed the smaller propodidhe two classes. Equation 1
calculates this relationship for a single pixel, éoery position in the matrix by selecting

the smaller of the two values being compabag; from the first mapy ny; from the
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second map. Notice that we consider a new spatiibcation to compute each entry in
the matrix, therefore the sum of the entries inrttadrix can exceed 1. The earliest
citation we have of this matrix is Binaghi et d1999). Equation 2 calculates the greatest
matrix when comparing entire maps. This equatidoutates a standardized average
using weights for each pixel. This allows us to pote the entries for non-square study
areas when performing multiple resolution map camspa. Non-square study areas lead
to coarse pixels that are partially in and pantiallit of the study area, so those coarse

pixels are weighted by their proportions that aréhie study area.

Mngi = MIN (Xngi, Yr) (1)
Ng
Wny~ MIN (Xngi, Yry)
_ ng=1
M- ai = G 2)
Wny
ng=1

[Insert figure 3 here.]

2.3.2 Random matrix
The next matrix that we produce is called the ramaeatrix, since it calculates

the statistically expected values for the entresianing that the spatial allocation of the
categories within the pixels is random, given theelbbmemberships. Figure 4 illustrates a
random sub pixel allocation for the same pixel memships as figure 3. If the 1971 pixel
were placed directly over the 1999 pixel, thenehgould be a statistical expectation of
the amount of overlap of each category in 1971amheategory in 1999. The random
matrix gives that expected amount of overlap. Bqua calculates this relationship for a

single pixel for every position in the matrix by hmplying the two values being
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comparedXny from the first map and'n;; from the second map. Notice that the sum of
the entries in the Random matrix is always 1. Leamid Brown (2001) is the earliest
citation we have of this matrix. Equation 4 caltetathe random matrix when comparing
entire maps, in a manner similar to equation 2.
Rnyi = Xrgni™ Ynyi (3)

Ng

Wny“ (Xng” Yry)
R gj =2 4)

Ng
Wny

ng=1

[Insert figure 4 here.]

2.3.3 Least matrix
The third matrix that we produce is called the feaatrix, since it calculates the

smallest mathematically possible values for theiesntgiven the pixel memberships.
Figure 5 illustrates a sub pixel allocation thahimizes the forest of 1971 overlap on
built of 1999, for the same pixel memberships gsris 3 and 4. When the 1971 pixel is
placed directly over the 1999 pixel, we must hawae overlap of forest on built. The
Least matrix gives the minimum amount of overlagu&tion 5 calculates this
relationship for a single pixel, for every positionthe matrix. Notice that the sum of the
entries in the least matrix can be less than lakopu 4 calculates the least matrix when
comparing entire maps, in a manner similar to eqoé.

Lngi = MAX (0, Xngi +Yny - 1) (5)
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Ng
Wy~ MAX (0, Xngi +Yny; - 1)
L gy =" % (6)
Wy

ng=1

[Insert figure 5 here.]

2.4 From table to range to map

Table 1 gives all three matrices in one cross thorl for the pixel used in
figures 3-5. The upper number in each positiorhefrhatrix gives the entry for the
greatest matrix, the middle number gives the efairghe random matrix, and the lower
number gives the entry for the least matrix. Thegeafor each position in the matrix is
computed as the greatest entry minus the least.entr

[Insert table 1 here.]

It can be helpful to summarize information aboutnewous pixels in the format of
a table; however the table fails to reveal howitiiermation is distributed across the
landscape. Therefore we have found it useful to thawalues for the three matrices and
the range for each particular transition of inter&his is possible because every pixel
generates all three matrices and a range matrixrdsults section shows the maps for

the transition from forest in 1971 to built in 1999
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3 Results

3.1 Example to show multiple resolutions

Figure 6 shows the association between the blaeigoey in scene 1 and the
white category in scene 2 for the example dataudtiple resolutions. All three matrices
produce the same association of one half at respkifl and 2, because all the pixels are
pure in scene 1 at those two resolutions. Thistilhies a general principal that all three
matrices produce identical results for a particpiael location when either of the pixels
belongs completely to one category. At resolutipthd range for the association
between black in scene 1 and white in scene 2 dpamszero to one, since both coarse
pixels have a membership of one half to both categat resolution 4.

[Insert figure 6 here.]

Figure 7 shows the association between the blaelgoey of scene 2 and the
white category of scene 2. This illustrates howrttethod can be used to compare a map
to itself. For such applications, the method revéaw intermingled the categories are
within a single map. When combined with multiplsakition analysis, the results reveal
the distances over which this intermingling or tdusg occurs. Figure 7 shows that the
results jump from zero at resolution 1 to a rarngeg spans from zero to one at resolution
2. This illustrates how the multiple resolution ls# reveals the distances at which the
compared categories are intermingled since theerargeases at that resolution, thus
indicating the relationship between scale and pattng with their combined impact on

uncertainty. At resolution 2, the black and whisgegories are spread uniformly across
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scene 2, so figure 7 shows that the associationdegt the categories is constant from
resolution 2 to 4.

[Insert figure 7 here.]

3.2 Plum Island Ecosystems

Figures 8 and 9 show results for the Plum Islanaskstems data that are
analogous to figures 6 and 7 for the example draggure 8 gives the association between
the forest of 1971 and the built of 1999. All threatrices indicate that eight percent of
the study area transitioned from forest to builhat 30 meter resolution, since the pixels
are pure at this resolution as an artifact of thia dormatting process. The range defined
by the greatest and least matrices increases @sties becomes coarser in a manner
that is related to the spatial pattern of the televant categories. The range grows more
quickly for the distances at which the forest 071% more intermingled with the built
of 1999. The entire study area resides in a sioggese pixel at a resolution of 61,440 m,
for which the range extends from zero to nearly bialhe study area. Figure 9 gives the
association between the forest of 1999 and the duil999. The range in figure 9 grows
more quickly for the distances at which the forst999 is more intermingled with the
built of 1999.

[Insert figure 8 here.]

[Insert figure 9 here.]

Figures 10-13 show the mapped results from thestimatrices for the transition

from forest in 1971 to built in 1999 at a resolatimf 360 m, where the darker shades
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indicate higher proportions of the pixel that camsathe transition. Figure 10 derives
from the greatest matrix, figure 11 from the randoatrix, and figure 12 from the least
matrix.

[Insert figure 10 here.]

[Insert figure 11 here.]

[Insert figure 12 here.]

Figure 13 gives the range in the transition frome$b to built as defined by the
greatest values in figure 10 minus the least valuégure 12. The circles on the map
indicate areas of especially high or low uncertginthere the corresponding boxes
explain the reason for the range. The range i®&ng pixels that contain half forest in
1971 and half built in 1999, in which case thermaximum uncertainty concerning the
association between forest and built. If a pixektaforest in 1971 or lacks built in 1999,
then the transition is impossible, so uncertairitthe association between forest and built
is zero. If a pixel contains a high proportion offdést in 1971 and a high proportion of
built in 1999, then a transition from forest tolbis assured, so the uncertainty is low.

[Insert figure 13 here.]

4 Discussion

There are a variety of issues to consider whenreeprets the output that
derives from this paper’s methods. This discussemtion anticipates some of the
guestions that others will likely encounter wheplgmg the methods of this paper.

The methods of this paper give the mathematicallsible range for the

association between the category in the first nmapthe category in the second map, but
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all values in this range are not necessarily eguigktly. Consider the case where the
categories of the initial and subsequent timesdanetical, So we can construct a square
matrix where the diagonal entries record land peesce and the off-diagonal entries
record land change. Many landscapes are domingtpdrsistence, where change is a
relatively rare event. In this case, the true valupersistence would likely be between
the random estimate and the greatest estimatbdatiagonal entries, and the true value
of change would be between the random estimaté¢heniéast estimate for the off-
diagonal entries. An additional validation exeraigth finer resolution data might
establish more precisely where the most appropesstienate lies within the range.
However, an additional validation exercise wouldguiee additional higher quality data,
which may not be available, especially for the past

The method can be used for other applicationsliustriated in this paper. For
example, it is possible to use the method to charize the patchiness of a single
category by comparing a map to itself, and themmémizng an entry that is on the
diagonal of the resulting square matrix. This applois particularly effective when
combined with multiple resolution map comparisanpse can see the resolutions at
which pixels of specific categories are clustered.

This paper uses a multi-resolution analysis tossstee relationship between
scale and pattern; however, the methods of thismpegn be useful even if one is not
interested in scale effects or in patterns actoss$andscape. The equations derived to

generate the range of associations are still ugethle simpler case of comparing two
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maps at a single resolution, where the pixels maxed membership to more than one

category.

5 Conclusions

This paper presents a method to address the mixebdgsoblem, for which the
proportion of each category in a pixel is knowrt, tne spatial allocation of the
categories within the pixel is not known. The metliefines a range of possibilities for
the crosstabulation matrix to quantify the assammbetween any two categories. The
technique is appropriate to compare two differeapsior to assess the patterns within a
single map. When combined with multiple resolutimap comparison, the method
reveals the distances over which any two categarestermingled. The technique

marks another step in quantifying categorical assions at multiple scales.
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1 Table 1. Transition matrix where each cell containshe greatest entry on the top, the
2 random entry in the middle, and the least entry athe bottom for the pair of pixels

3 infigures 3-5.

1999
. . 1971
Forest Built Remainder| Membership
0.10 0.70 0.10
Forest 0.07 0.56 0.07 0.7
0.00 0.50 0.00
0.10 0.10 0.10
Agriculture 0.01 0.08 0.01 0.1
CED' 0.00 0.00 0.00
— 0.10 0.10 0.10
Wetland 0.01 0.08 0.01 0.1
0.00 0.00 0.00
0.10 0.10 0.10
Other 0.01 0.08 0.01 0.1
0.00 0.00 0.00
1999
Membership 0.1 0.8 0.1 1.0
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Figures

page

Figure 1. The scenes show two classes: black aitd.\ilthe top number in each pixel
indicates membership to the black class; the lowenber indicates membership to
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Figure 1. The scenes show two classes: black anditghThe top number in each
pixel indicates membership to the black class; thiewer number indicates
membership to the white class. Light grey lines degate the boundaries of pixels

and dashed lines are the boundaries that dissolve form the coarser resolutions.
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Figure 2. Land cover maps from 1971 and 1999 for 126 towns of the Plum Island

Ecosystems study area in northeastern MassachusettsSA.
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Figure 3. Sub-pixel spatial allocation that indicagés the greatest possible categorical

association between forest in 1971 and built in 199
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Figure 5. Sub-pixel spatial allocation that represets the least possible categorical

association between forest in 1971 and built in 199
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Figure 6. Categorical association between the blaatass in scene 1 and the white

class in scene 2.
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Figure 7. Categorical association between the blaaitass in scene 2 and the white

class in scene 2.
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Figure 8. Range of categorical association betweéorest in 1971 and built in 1999

at multiple resolutions for the Plum Island Ecosystms study area.
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Figure 9. Range of categorical association betweéorest in 1999 and built in 1999

at multiple resolutions for the Plum Island Ecosystms study area.
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Figure 10. Greatest association between forest i®11 and built in 1999 at a

resolution of 360 meters for the Plum Island Ecosysms study area.
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Figure 11. Random association between forest in 19and built in 1999 at a

resolution of 360 meters for the Plum Island Ecosysms study area.
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Figure 12. Least association between forest in 19&hd built in 1999 at a resolution

of 360 meters for the Plum Island Ecosystems stugyea.
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